The aim of this paper is to deal with the existence and nonexistence of weak solutions to the initial and boundary value problem for u t = div(|∇u|
Introduction
Consider the following initial and boundary value problem: It will be assumed throughout the paper that the exponent p(x, t) is continuous in Q = Q T with logarithmic module of continuity:  which is subject to the quasi-static Maxwell equations
where ε  is the dielectric constant in vacuum and the electric polarization P is linear in E, i.e. P = λ E. Another important application is the image processing where the anisotropy and nonlinearity of the diffusion operator are used to underline the borders of the distorted image and to eliminate the noise [, ]. For more physical background, the interested reader may refer to [-].
In the case when p(x, t) is a fixed constant, there have been many results about the existence, uniqueness, nonexistence, extinction of the solutions [, , ]. For nonconstant case, the authors of [-] and the authors of [] studied the existence and uniqueness of weak solutions of the initial and Dirichlet boundary value problem with variable exponent of nonlinearity. Besides, the authors of [] applied the differential and variational techniques to prove the existence of solutions when the exponent p only depends on the spatial variable. Motivated by the work above, we consider the existence and uniqueness of solutions to Problem (.). However, since the coefficient b(x, t) is degenerate or singular, it is natural to ask: which kind of conditions on the coefficient b(x, t) guarantees that Problem (.) admits a local solution? In our paper, we construct suitable function spaces and apply Galerkin's method to prove the existence of weak solutions to Problem (.) with necessary uniform estimates and compactness argument. In addition, there exist some difficulties such as the failure of the monotonicity of the energy functional, the anisotropy of the diffusive operator and the gap between the norm and the modular, which make the methods used in [] fail. In order to overcome such difficulties, we have to search a new technique or method. In this paper, by constructing a revised energy functional and combining a new energy estimate with convex method, we obtain the nonexistence of weak solutions when the exponents p is a function with respect to time and spatial variables. Especially, it is worth pointing out that the results are obtained with the assumption that p t (x, t) is only negative and integrable which is weaker than those the most of the other papers required.
The outline of this paper is the following: In Section , we shall introduce the function spaces of Orlicz-Sobolev type, give the definition of the weak solution to the problem, and prove the existence of weak solutions with Galerkin's method and the uniqueness of the solution. In Section , we establish sufficient condition of nonexistence of weak solutions of Problem (.) with the assumption that the exponent p(x, t) depends on the time and spatial variables.
Existence of local solutions
In this section, the existence of weak solutions will be studied. First of all, we introduce some Banach spaces:
and denote by H (Q T ) the dual of H(Q T ) with respect to the inner product in L  (Q T ).
From [], we know that condition (.) implies that
Because of the degeneracy, Problem (.) does not admit classical solutions in general. So we introduce weak solutions in the following sense.
is called a weak solution of Problem (.) if for every test-function
and every t  , t  ∈ [, T] the following identity holds:
On the other hand,
which imply that the definition of weak solutions is well defined.
The main theorem in this section is the following. 
Theorem . Suppose that the continuous function f (s) and the exponents p(x, t), α satisfy conditions (.)-(.). If the following conditions hold:
(H  )  < p -< p + < max N, Np - N -p -, <α < p -; (H  ) u  ∈ L  ( ), b(x, t) ∈ L p - p -- , ∞; L p - p -- ( ) , then Problem (.) has at least one weak solution u(x, t) ∈ H(Q T ) ∩ L ∞ (, T; L  ( )), b(x, t)|∇u| ∈ L  (, T; L  ( )). Due to p ->  and b(x, t) ∈ L p - p -- (, ∞; L p - p -- ( )),
Corollary . Let the conditions of Theorem . be fulfilled, then the solution u ∈ H(Q T )
to Problem (.) satisfies the identity 
Nonexistence of global weak solutions
In this section, we concentrate on the study of nonexistence of weak solutions to Problem (.). For convenience, we first state that the function f (s) and the coefficient b(x, t) satisfy the following conditions: 
Otherwise, we say that Problem (.) does not admit global weak solutions.
First, we consider the case p(x, t) ≡ p(x).
Our main result is as follows.
is the local solution to Problem (.). If (.) and (.) are fulfilled and u
Then there exists a T * ∈ (, T] such that
To prove Theorem ., we need the following lemma.
Lemma . Assume that u ∈ H(Q T ) is the solution to Problem (.), then u(x, t) satisfies the following relation:
Proof Following the lines of the proof of Lemma . and Theorem . in [], we know that
and using the idea of the proof of Lemma  in [], we arrive at the relation
After integrating over (, t), it is obvious that Lemma . holds.
Proof of Theorem . Let
Clearly
By Hölder's inequality, we have
This completes the proof of Theorem ..
Next, we consider the case when p is dependent of t. Before stating the conclusion, we first give a useful lemma. Lemma . follows from (.) and (.).
